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Abstract
Complex Gradient Method is a fast and straight-forward method of estimating origin parameters of self-potential anomaly 
using SP data horizontal and vertical derivatives simultaneously. Here, it is assumed that SP anomaly mass is a two-
dimensional inclined sheet whose parameters are depth to upper edge, depth to bottom edge, dip angle and electrical 
dipole moment. The complex gradient method validity is proven by applying it to synthetic data, with and without adding 
noise, for cases in which some parameters are constant while others are variable. The method is also applied to estimate 
model parameters for field data in three zones of a copper mine in the Surda region of India, a copper sulfide mine in 
Suleymankoy, Turkey, and a graphite mine in Southern Bavarian in Germany. Comparing the results of the latter case with 
those of other methods indicate that the complex gradient method well identifies the parameters of self-potential source 
and mistakes were corrected in the same article.
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1. Introduction
In some parts of the ground, when two electrodes are at 
certain distances from each other, there is naturally a mea-
surable potential difference between them called the spon-
taneous potential which results from electrochemical reac-
tions between minerals and solutions in contact with them. 
Self-potential or Sp method is one of the oldest electrical 
methods. In this method, electrical current does not enter 
the ground from outside, but it is the ground natural current 
that is used. Among self-potential method applications are 
the exploration of metal sulfides, oil fields, water explora-
tion, mining exploration, geothermal, archaeological, sea 
floor mineral, and deposit assessment to investigate earth-
quakes and volcanic eruptions [1-8]. A good way to inter-
pret SP anomalies is to use simple shapes such as inclined 
sheets. Among the models used so far to interpret SP anoma-
ly reason include spherical and vertical cylinders, horizontal 
cylinders, inclined plate, inclined sheets, and inclined sheet 
here [9-12]. The two-dimensional inclined sheet is consid-
ered as the SP anomaly reason and the main purpose is to 
determine the parameters of depth to upper edge, depth to 
bottom edge, electric dipole moment and angle of dip relat-
ed to inclined sheet. In complex gradient method, horizontal 
gradient is calculated by numerical derivative method. Then, 

vertical gradient is calculated by analytical signal and Hilbert 
transform of horizontal gradient. By multiplying the vertical 
gradient by i and its sum by the horizontal gradient, the com-
plex gradient is calculated.

1.1. The Concept of Self-Potential
Figure 1 shows a two-dimensional inclined sheet model in 
which h represents the depth to upper edge, H the depth 
to bottom edge, L the length of sheet, r_1 and r_2 the upper 
edge distance and bottom edge from the measuring point P 
along x-axis, b the length of horizontal projection of inclined 
sheet on the ground surface, K the electric dipole moment 
and θ the dip angle of the sheet. Horizontal extension of this 
inclined sheet (outwards or inwards) is infinite. That is why 
it is considered as two-dimensional. In the article entitled 
“A New Approach to Interpret Self-Potential Anomaly Aver 
a Two-Dimensional Inclined Sheet Using Complex Gradient 
Analysis”, the authors did the same thing, but the formulas 
for model parameters were set incorrectly and did not match 
the results; consequently, the resulting horizontal gradient 
diagram was incorrectly plotted due to incorrect mathemat-
ical formulas. In this paper, the formulas are modified and 
correct diagrams have been plotted [12].
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Figure 1: Cross Section of an Inclined Sheet of Finite Depth 
Extent.

For potential anywhere, we have xi [13]:

The complex gradient  Vc(x) which is equal to the sum of 
horizontal gradient and vertical gradient, is calculated as fol-
lows:

Here, z is the same as h and we consider H=nh, but in the 
article had yield [12]:

Also in self-potential anomaly, the relationship between hor-
izontal and vertical gradients is given as follows:

HT means Hilbert transformation. The unknown parameters 
in Equation (1) which include K, H, h, θ, b are obtained by 
applying the following conditions:

1) The distance of the zero anomaly (x0) is the distance from 
origin to the point where V(x)0. After equation (1), x0 is cal-
culated as follows: 

2) The points of the horizontal gradient are the points where  

Vx (x)=0. Thus, by setting Equation (4) equal to zero, the fol-
lowing equation can be obtained:

In the mentioned article, formula (8) is obtained as 

Using equation (7) in equation (8), the following equation is 
obtained

By solving the above equation, its two roots are obtained as 
follows:

Therefore, x(max), x(min) are the points where horizontal 
gradient is zero Vx (x)=0 and after combining the two roots, 
the depth to the upper edge parameter of the sheet can be 
obtained:

3) Zero vertical gradient points where Vz (x)=0. So, by Vz 
(x)=0 the following equation is obtained:

By solving Equation (13), its roots are obtained. Then, by 
combining these two roots, Equation (14) will be obtained:

Therefore, x1, x2  are the points where vertical gradient is 
zero. Now using (7) and (14), n will also be obtained:

By determining n, the depth to bottom edge parameter is ob-
tained [12]:

H=nh                                      (16)                                                                 

Sing the following Equation (16) from Equation (7), param-
eter b is:

far to interpret SP anomaly reason include spherical and vertical cylinders (Abdelrahman et al. 
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and angle of dip related to inclined sheet. In complex gradient method, horizontal gradient is 
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signal and Hilbert transform of horizontal gradient. By multiplying the vertical gradient by i and 

its sum by the horizontal gradient, the complex gradient is calculated. 
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Figure 1- Cross section of an inclined sheet of finite depth extent. 

 
For potential anywhere, we have 𝑥𝑥𝑖𝑖  (Roy and Chowdhury, 1959): 

𝑉𝑉(𝑥𝑥𝑖𝑖) = 𝐾𝐾𝑙𝑙𝑙𝑙 (
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 Now according to Figure (1):  

𝑟𝑟1 = √𝑥𝑥𝑖𝑖2 + ℎ2     ,  𝑟𝑟2 = √(𝑥𝑥𝑖𝑖 − 𝑏𝑏)2 + 𝐻𝐻2   ,       𝑏𝑏 =
𝐻𝐻−ℎ
tan𝜃𝜃 

 Where at 𝑥𝑥𝑖𝑖=0 the potential is: 

𝑉𝑉(0) = 𝐾𝐾𝑙𝑙𝑙𝑙 ( ℎ2
𝑏𝑏2+𝐻𝐻2)    (2)                                                             

The complex gradient  𝑉𝑉𝑐𝑐(𝑥𝑥) which is equal to the sum of horizontal gradient and vertical gradient, 

is calculated as follows: 
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(𝑥𝑥−𝑏𝑏)2+𝑛𝑛2ℎ2]                                       (5) 

Here, 𝑧𝑧 is the same as ℎ and we consider 𝐻𝐻=𝑙𝑙ℎ, but in the article (Hafez and Abbas. 2009) had 

yield: 
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Also in self-potential anomaly, the relationship between horizontal and vertical gradients is given 

as follows: 

𝑉𝑉𝑥𝑥(𝑥𝑥)
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HT means Hilbert transformation. The unknown parameters in Equation (1) which include 𝐾𝐾, 𝐻𝐻, 

ℎ, 𝜃𝜃, 𝑏𝑏 are obtained by applying the following conditions: 

1) The distance of the zero anomaly (𝑥𝑥0) is the distance from origin to the point where 𝑉𝑉(𝑥𝑥)0. 

After equation (1), 𝑥𝑥0 is calculated as follows:  

𝑥𝑥0 =
𝑏𝑏2+ℎ2(𝑛𝑛2−1)

2𝑏𝑏                                    (7)                    

2) The points of the horizontal gradient are the points where  𝑉𝑉𝑥𝑥(𝑥𝑥) = 0. Thus, by setting Equation 

(4) equal to zero, the following equation can be obtained: 

𝑥𝑥2 − 𝑥𝑥[𝑏𝑏2+ℎ2(𝑛𝑛2−1)]
𝑏𝑏 − ℎ2=0                     (8)                                   

For potential anywhere, we have 𝑥𝑥𝑖𝑖  (Roy and Chowdhury, 1959): 

𝑉𝑉(𝑥𝑥𝑖𝑖) = 𝐾𝐾𝑙𝑙𝑙𝑙 (
𝑟𝑟12
𝑟𝑟22
), i=1,2, 3…, N (1)                                      

 Now according to Figure (1):  

𝑟𝑟1 = √𝑥𝑥𝑖𝑖2 + ℎ2     ,  𝑟𝑟2 = √(𝑥𝑥𝑖𝑖 − 𝑏𝑏)2 + 𝐻𝐻2   ,       𝑏𝑏 =
𝐻𝐻−ℎ
tan𝜃𝜃 

 Where at 𝑥𝑥𝑖𝑖=0 the potential is: 

𝑉𝑉(0) = 𝐾𝐾𝑙𝑙𝑙𝑙 ( ℎ2
𝑏𝑏2+𝐻𝐻2)    (2)                                                             

The complex gradient  𝑉𝑉𝑐𝑐(𝑥𝑥) which is equal to the sum of horizontal gradient and vertical gradient, 

is calculated as follows: 

 𝑉𝑉𝑐𝑐(𝑥𝑥) =
𝜕𝜕𝜕𝜕(𝑥𝑥)
𝜕𝜕𝑥𝑥 + 𝑖𝑖 𝜕𝜕𝜕𝜕(𝑥𝑥)𝜕𝜕𝜕𝜕       (3)                                                                      
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(𝑥𝑥−𝑏𝑏)2+𝑛𝑛2ℎ2]                                       (5) 

Here, 𝑧𝑧 is the same as ℎ and we consider 𝐻𝐻=𝑙𝑙ℎ, but in the article (Hafez and Abbas. 2009) had 

yield: 
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ℎ, 𝜃𝜃, 𝑏𝑏 are obtained by applying the following conditions: 

1) The distance of the zero anomaly (𝑥𝑥0) is the distance from origin to the point where 𝑉𝑉(𝑥𝑥)0. 
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Also in self-potential anomaly, the relationship between horizontal and vertical gradients is given 

as follows: 

𝑉𝑉𝑥𝑥(𝑥𝑥)
𝐻𝐻𝐻𝐻
↔ -𝑉𝑉𝜕𝜕(𝑥𝑥)                                    (6)                                           

HT means Hilbert transformation. The unknown parameters in Equation (1) which include 𝐾𝐾, 𝐻𝐻, 

ℎ, 𝜃𝜃, 𝑏𝑏 are obtained by applying the following conditions: 

1) The distance of the zero anomaly (𝑥𝑥0) is the distance from origin to the point where 𝑉𝑉(𝑥𝑥)0. 

After equation (1), 𝑥𝑥0 is calculated as follows:  

𝑥𝑥0 =
𝑏𝑏2+ℎ2(𝑛𝑛2−1)

2𝑏𝑏                                    (7)                    

2) The points of the horizontal gradient are the points where  𝑉𝑉𝑥𝑥(𝑥𝑥) = 0. Thus, by setting Equation 

(4) equal to zero, the following equation can be obtained: 

𝑥𝑥2 − 𝑥𝑥[𝑏𝑏2+ℎ2(𝑛𝑛2−1)]
𝑏𝑏 − ℎ2=0                     (8)                                   

In the mentioned article, formula (8) is obtained as  𝑥𝑥 − 𝑥𝑥[𝑏𝑏2+ℎ2(𝑛𝑛2−1)]
𝑏𝑏 − ℎ2=0. 

Using equation (7) in equation (8), the following equation is obtained  

𝑥𝑥2 − 2𝑥𝑥0𝑥𝑥 − ℎ2 = 0                                (9)                                                            

By solving the above equation, its two roots are obtained as follows:  

𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥) = 𝑥𝑥0 + √𝑥𝑥0
2 + ℎ2                         (10)                                       

𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚) = 𝑥𝑥0 − √𝑥𝑥0
2 + ℎ2                           (11)                                    

Therefore, 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥), 𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚) are the points where horizontal gradient is zero 𝑉𝑉𝑥𝑥(𝑥𝑥) = 0 and after 

combining the two roots, the depth to the upper edge parameter of the sheet can be obtained: 

ℎ = | 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥). 𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚)|
1
2                     (12)                                                

3) Zero vertical gradient points where 𝑉𝑉𝑧𝑧(𝑥𝑥) = 0. So by 𝑉𝑉𝑧𝑧(𝑥𝑥) = 0 the following equation is 

obtained: 

(1 − 𝑚𝑚2)𝑥𝑥2 − 2𝑏𝑏𝑥𝑥 + 𝑏𝑏2=0               (13)                                                   

In the mentioned article, Formula (13) is obtained as: 

(1 − 𝑚𝑚)𝑥𝑥2 − 2𝑏𝑏𝑥𝑥 + 𝑏𝑏2 + ℎ2(𝑚𝑚2 − 𝑚𝑚)=0 

By solving Equation (13), its roots are obtained. Then, by combining these two roots, Equation 

(14) will be obtained: 

𝑥𝑥1 = 𝑏𝑏+𝑏𝑏𝑛𝑛
(1−𝑛𝑛2) ,   𝑥𝑥2 = 𝑏𝑏−𝑏𝑏𝑛𝑛

(1−𝑛𝑛2)          (14) 

𝑥𝑥1 + 𝑥𝑥2 = 2𝑏𝑏
1−𝑛𝑛2                                                                                       

Therefore, 𝑥𝑥1, 𝑥𝑥2 are the points where vertical gradient is zero. Now using (7) and (14), 𝑚𝑚 will also 

be obtained: 

𝑚𝑚 = √(𝑥𝑥1+𝑥𝑥2)2−4𝑥𝑥0(𝑥𝑥1+𝑥𝑥2)−4| 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥).𝑥𝑥(𝑚𝑚𝑚𝑚𝑛𝑛)|
(𝑥𝑥1+𝑥𝑥2)2        (15)                                       

In the Article (Hafez and Abbas, 2009) is 

 𝑚𝑚 = |(𝑥𝑥1+𝑥𝑥2)2−4𝑥𝑥0(𝑥𝑥1+𝑥𝑥2)−4| 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥).𝑥𝑥(𝑚𝑚𝑚𝑚𝑛𝑛)|
(𝑥𝑥1+𝑥𝑥2)2+4[𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥).𝑥𝑥(𝑚𝑚𝑚𝑚𝑛𝑛)] | 

By determining 𝑚𝑚, the depth to bottom edge parameter is obtained: 

𝐻𝐻 = 𝑚𝑚ℎ                                      (16)                                                                  

Sing the following Equation (16) from Equation (7), parameter 𝑏𝑏 is: 

𝑏𝑏 = 𝑥𝑥0 + √𝑥𝑥0
2 − ℎ2(𝑚𝑚2 − 1)                  (17)                                                      

In the article, this parameter is 

In the mentioned article, formula (8) is obtained as  𝑥𝑥 − 𝑥𝑥[𝑏𝑏2+ℎ2(𝑛𝑛2−1)]
𝑏𝑏 − ℎ2=0. 

Using equation (7) in equation (8), the following equation is obtained  
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By determining 𝑚𝑚, the depth to bottom edge parameter is obtained: 

𝐻𝐻 = 𝑚𝑚ℎ                                      (16)                                                                  

Sing the following Equation (16) from Equation (7), parameter 𝑏𝑏 is: 

𝑏𝑏 = 𝑥𝑥0 + √𝑥𝑥0
2 − ℎ2(𝑚𝑚2 − 1)                  (17)                                                      

In the article, this parameter is 

In the mentioned article, formula (8) is obtained as  𝑥𝑥 − 𝑥𝑥[𝑏𝑏2+ℎ2(𝑛𝑛2−1)]
𝑏𝑏 − ℎ2=0. 

Using equation (7) in equation (8), the following equation is obtained  

𝑥𝑥2 − 2𝑥𝑥0𝑥𝑥 − ℎ2 = 0                                (9)                                                            

By solving the above equation, its two roots are obtained as follows:  

𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥) = 𝑥𝑥0 + √𝑥𝑥0
2 + ℎ2                         (10)                                       

𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚) = 𝑥𝑥0 − √𝑥𝑥0
2 + ℎ2                           (11)                                    

Therefore, 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥), 𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚) are the points where horizontal gradient is zero 𝑉𝑉𝑥𝑥(𝑥𝑥) = 0 and after 

combining the two roots, the depth to the upper edge parameter of the sheet can be obtained: 

ℎ = | 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥). 𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚)|
1
2                     (12)                                                

3) Zero vertical gradient points where 𝑉𝑉𝑧𝑧(𝑥𝑥) = 0. So by 𝑉𝑉𝑧𝑧(𝑥𝑥) = 0 the following equation is 

obtained: 

(1 − 𝑚𝑚2)𝑥𝑥2 − 2𝑏𝑏𝑥𝑥 + 𝑏𝑏2=0               (13)                                                   

In the mentioned article, Formula (13) is obtained as: 

(1 − 𝑚𝑚)𝑥𝑥2 − 2𝑏𝑏𝑥𝑥 + 𝑏𝑏2 + ℎ2(𝑚𝑚2 − 𝑚𝑚)=0 

By solving Equation (13), its roots are obtained. Then, by combining these two roots, Equation 

(14) will be obtained: 

𝑥𝑥1 = 𝑏𝑏+𝑏𝑏𝑛𝑛
(1−𝑛𝑛2) ,   𝑥𝑥2 = 𝑏𝑏−𝑏𝑏𝑛𝑛

(1−𝑛𝑛2)          (14) 

𝑥𝑥1 + 𝑥𝑥2 = 2𝑏𝑏
1−𝑛𝑛2                                                                                       

Therefore, 𝑥𝑥1, 𝑥𝑥2 are the points where vertical gradient is zero. Now using (7) and (14), 𝑚𝑚 will also 

be obtained: 

𝑚𝑚 = √(𝑥𝑥1+𝑥𝑥2)2−4𝑥𝑥0(𝑥𝑥1+𝑥𝑥2)−4| 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥).𝑥𝑥(𝑚𝑚𝑚𝑚𝑛𝑛)|
(𝑥𝑥1+𝑥𝑥2)2        (15)                                       

In the Article (Hafez and Abbas, 2009) is 

 𝑚𝑚 = |(𝑥𝑥1+𝑥𝑥2)2−4𝑥𝑥0(𝑥𝑥1+𝑥𝑥2)−4| 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥).𝑥𝑥(𝑚𝑚𝑚𝑚𝑛𝑛)|
(𝑥𝑥1+𝑥𝑥2)2+4[𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥).𝑥𝑥(𝑚𝑚𝑚𝑚𝑛𝑛)] | 

By determining 𝑚𝑚, the depth to bottom edge parameter is obtained: 

𝐻𝐻 = 𝑚𝑚ℎ                                      (16)                                                                  

Sing the following Equation (16) from Equation (7), parameter 𝑏𝑏 is: 

𝑏𝑏 = 𝑥𝑥0 + √𝑥𝑥0
2 − ℎ2(𝑚𝑚2 − 1)                  (17)                                                      

In the article, this parameter is 

In the mentioned article, formula (8) is obtained as  𝑥𝑥 − 𝑥𝑥[𝑏𝑏2+ℎ2(𝑛𝑛2−1)]
𝑏𝑏 − ℎ2=0. 

Using equation (7) in equation (8), the following equation is obtained  

𝑥𝑥2 − 2𝑥𝑥0𝑥𝑥 − ℎ2 = 0                                (9)                                                            

By solving the above equation, its two roots are obtained as follows:  

𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥) = 𝑥𝑥0 + √𝑥𝑥0
2 + ℎ2                         (10)                                       

𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚) = 𝑥𝑥0 − √𝑥𝑥0
2 + ℎ2                           (11)                                    

Therefore, 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥), 𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚) are the points where horizontal gradient is zero 𝑉𝑉𝑥𝑥(𝑥𝑥) = 0 and after 

combining the two roots, the depth to the upper edge parameter of the sheet can be obtained: 

ℎ = | 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥). 𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚)|
1
2                     (12)                                                

3) Zero vertical gradient points where 𝑉𝑉𝑧𝑧(𝑥𝑥) = 0. So by 𝑉𝑉𝑧𝑧(𝑥𝑥) = 0 the following equation is 

obtained: 

(1 − 𝑚𝑚2)𝑥𝑥2 − 2𝑏𝑏𝑥𝑥 + 𝑏𝑏2=0               (13)                                                   

In the mentioned article, Formula (13) is obtained as: 

(1 − 𝑚𝑚)𝑥𝑥2 − 2𝑏𝑏𝑥𝑥 + 𝑏𝑏2 + ℎ2(𝑚𝑚2 − 𝑚𝑚)=0 

By solving Equation (13), its roots are obtained. Then, by combining these two roots, Equation 

(14) will be obtained: 

𝑥𝑥1 = 𝑏𝑏+𝑏𝑏𝑛𝑛
(1−𝑛𝑛2) ,   𝑥𝑥2 = 𝑏𝑏−𝑏𝑏𝑛𝑛

(1−𝑛𝑛2)          (14) 

𝑥𝑥1 + 𝑥𝑥2 = 2𝑏𝑏
1−𝑛𝑛2                                                                                       

Therefore, 𝑥𝑥1, 𝑥𝑥2 are the points where vertical gradient is zero. Now using (7) and (14), 𝑚𝑚 will also 

be obtained: 

𝑚𝑚 = √(𝑥𝑥1+𝑥𝑥2)2−4𝑥𝑥0(𝑥𝑥1+𝑥𝑥2)−4| 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥).𝑥𝑥(𝑚𝑚𝑚𝑚𝑛𝑛)|
(𝑥𝑥1+𝑥𝑥2)2        (15)                                       

In the Article (Hafez and Abbas, 2009) is 

 𝑚𝑚 = |(𝑥𝑥1+𝑥𝑥2)2−4𝑥𝑥0(𝑥𝑥1+𝑥𝑥2)−4| 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥).𝑥𝑥(𝑚𝑚𝑚𝑚𝑛𝑛)|
(𝑥𝑥1+𝑥𝑥2)2+4[𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥).𝑥𝑥(𝑚𝑚𝑚𝑚𝑛𝑛)] | 

By determining 𝑚𝑚, the depth to bottom edge parameter is obtained: 

𝐻𝐻 = 𝑚𝑚ℎ                                      (16)                                                                  

Sing the following Equation (16) from Equation (7), parameter 𝑏𝑏 is: 

𝑏𝑏 = 𝑥𝑥0 + √𝑥𝑥0
2 − ℎ2(𝑚𝑚2 − 1)                  (17)                                                      

In the article, this parameter is 

In the mentioned article, formula (8) is obtained as  𝑥𝑥 − 𝑥𝑥[𝑏𝑏2+ℎ2(𝑛𝑛2−1)]
𝑏𝑏 − ℎ2=0. 

Using equation (7) in equation (8), the following equation is obtained  

𝑥𝑥2 − 2𝑥𝑥0𝑥𝑥 − ℎ2 = 0                                (9)                                                            

By solving the above equation, its two roots are obtained as follows:  

𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥) = 𝑥𝑥0 + √𝑥𝑥0
2 + ℎ2                         (10)                                       

𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚) = 𝑥𝑥0 − √𝑥𝑥0
2 + ℎ2                           (11)                                    

Therefore, 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥), 𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚) are the points where horizontal gradient is zero 𝑉𝑉𝑥𝑥(𝑥𝑥) = 0 and after 

combining the two roots, the depth to the upper edge parameter of the sheet can be obtained: 

ℎ = | 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥). 𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚)|
1
2                     (12)                                                

3) Zero vertical gradient points where 𝑉𝑉𝑧𝑧(𝑥𝑥) = 0. So by 𝑉𝑉𝑧𝑧(𝑥𝑥) = 0 the following equation is 

obtained: 

(1 − 𝑚𝑚2)𝑥𝑥2 − 2𝑏𝑏𝑥𝑥 + 𝑏𝑏2=0               (13)                                                   

In the mentioned article, Formula (13) is obtained as: 

(1 − 𝑚𝑚)𝑥𝑥2 − 2𝑏𝑏𝑥𝑥 + 𝑏𝑏2 + ℎ2(𝑚𝑚2 − 𝑚𝑚)=0 

By solving Equation (13), its roots are obtained. Then, by combining these two roots, Equation 

(14) will be obtained: 

𝑥𝑥1 = 𝑏𝑏+𝑏𝑏𝑛𝑛
(1−𝑛𝑛2) ,   𝑥𝑥2 = 𝑏𝑏−𝑏𝑏𝑛𝑛

(1−𝑛𝑛2)          (14) 

𝑥𝑥1 + 𝑥𝑥2 = 2𝑏𝑏
1−𝑛𝑛2                                                                                       

Therefore, 𝑥𝑥1, 𝑥𝑥2 are the points where vertical gradient is zero. Now using (7) and (14), 𝑚𝑚 will also 

be obtained: 

𝑚𝑚 = √(𝑥𝑥1+𝑥𝑥2)2−4𝑥𝑥0(𝑥𝑥1+𝑥𝑥2)−4| 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥).𝑥𝑥(𝑚𝑚𝑚𝑚𝑛𝑛)|
(𝑥𝑥1+𝑥𝑥2)2        (15)                                       

In the Article (Hafez and Abbas, 2009) is 

 𝑚𝑚 = |(𝑥𝑥1+𝑥𝑥2)2−4𝑥𝑥0(𝑥𝑥1+𝑥𝑥2)−4| 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥).𝑥𝑥(𝑚𝑚𝑚𝑚𝑛𝑛)|
(𝑥𝑥1+𝑥𝑥2)2+4[𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥).𝑥𝑥(𝑚𝑚𝑚𝑚𝑛𝑛)] | 

By determining 𝑚𝑚, the depth to bottom edge parameter is obtained: 

𝐻𝐻 = 𝑚𝑚ℎ                                      (16)                                                                  

Sing the following Equation (16) from Equation (7), parameter 𝑏𝑏 is: 

𝑏𝑏 = 𝑥𝑥0 + √𝑥𝑥0
2 − ℎ2(𝑚𝑚2 − 1)                  (17)                                                      

In the article, this parameter is 

In the mentioned article, formula (8) is obtained as  𝑥𝑥 − 𝑥𝑥[𝑏𝑏2+ℎ2(𝑛𝑛2−1)]
𝑏𝑏 − ℎ2=0. 

Using equation (7) in equation (8), the following equation is obtained  

𝑥𝑥2 − 2𝑥𝑥0𝑥𝑥 − ℎ2 = 0                                (9)                                                            

By solving the above equation, its two roots are obtained as follows:  

𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥) = 𝑥𝑥0 + √𝑥𝑥0
2 + ℎ2                         (10)                                       

𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚) = 𝑥𝑥0 − √𝑥𝑥0
2 + ℎ2                           (11)                                    

Therefore, 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥), 𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚) are the points where horizontal gradient is zero 𝑉𝑉𝑥𝑥(𝑥𝑥) = 0 and after 

combining the two roots, the depth to the upper edge parameter of the sheet can be obtained: 

ℎ = | 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥). 𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚)|
1
2                     (12)                                                

3) Zero vertical gradient points where 𝑉𝑉𝑧𝑧(𝑥𝑥) = 0. So by 𝑉𝑉𝑧𝑧(𝑥𝑥) = 0 the following equation is 

obtained: 

(1 − 𝑚𝑚2)𝑥𝑥2 − 2𝑏𝑏𝑥𝑥 + 𝑏𝑏2=0               (13)                                                   

In the mentioned article, Formula (13) is obtained as: 

(1 − 𝑚𝑚)𝑥𝑥2 − 2𝑏𝑏𝑥𝑥 + 𝑏𝑏2 + ℎ2(𝑚𝑚2 − 𝑚𝑚)=0 

By solving Equation (13), its roots are obtained. Then, by combining these two roots, Equation 

(14) will be obtained: 

𝑥𝑥1 = 𝑏𝑏+𝑏𝑏𝑛𝑛
(1−𝑛𝑛2) ,   𝑥𝑥2 = 𝑏𝑏−𝑏𝑏𝑛𝑛

(1−𝑛𝑛2)          (14) 

𝑥𝑥1 + 𝑥𝑥2 = 2𝑏𝑏
1−𝑛𝑛2                                                                                       

Therefore, 𝑥𝑥1, 𝑥𝑥2 are the points where vertical gradient is zero. Now using (7) and (14), 𝑚𝑚 will also 

be obtained: 

𝑚𝑚 = √(𝑥𝑥1+𝑥𝑥2)2−4𝑥𝑥0(𝑥𝑥1+𝑥𝑥2)−4| 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥).𝑥𝑥(𝑚𝑚𝑚𝑚𝑛𝑛)|
(𝑥𝑥1+𝑥𝑥2)2        (15)                                       

In the Article (Hafez and Abbas, 2009) is 

 𝑚𝑚 = |(𝑥𝑥1+𝑥𝑥2)2−4𝑥𝑥0(𝑥𝑥1+𝑥𝑥2)−4| 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥).𝑥𝑥(𝑚𝑚𝑚𝑚𝑛𝑛)|
(𝑥𝑥1+𝑥𝑥2)2+4[𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥).𝑥𝑥(𝑚𝑚𝑚𝑚𝑛𝑛)] | 

By determining 𝑚𝑚, the depth to bottom edge parameter is obtained: 

𝐻𝐻 = 𝑚𝑚ℎ                                      (16)                                                                  

Sing the following Equation (16) from Equation (7), parameter 𝑏𝑏 is: 

𝑏𝑏 = 𝑥𝑥0 + √𝑥𝑥0
2 − ℎ2(𝑚𝑚2 − 1)                  (17)                                                      

In the article, this parameter is 

In the mentioned article, formula (8) is obtained as  𝑥𝑥 − 𝑥𝑥[𝑏𝑏2+ℎ2(𝑛𝑛2−1)]
𝑏𝑏 − ℎ2=0. 

Using equation (7) in equation (8), the following equation is obtained  

𝑥𝑥2 − 2𝑥𝑥0𝑥𝑥 − ℎ2 = 0                                (9)                                                            

By solving the above equation, its two roots are obtained as follows:  

𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥) = 𝑥𝑥0 + √𝑥𝑥0
2 + ℎ2                         (10)                                       

𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚) = 𝑥𝑥0 − √𝑥𝑥0
2 + ℎ2                           (11)                                    

Therefore, 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥), 𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚) are the points where horizontal gradient is zero 𝑉𝑉𝑥𝑥(𝑥𝑥) = 0 and after 

combining the two roots, the depth to the upper edge parameter of the sheet can be obtained: 

ℎ = | 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥). 𝑥𝑥(𝑚𝑚𝑚𝑚𝑚𝑚)|
1
2                     (12)                                                

3) Zero vertical gradient points where 𝑉𝑉𝑧𝑧(𝑥𝑥) = 0. So by 𝑉𝑉𝑧𝑧(𝑥𝑥) = 0 the following equation is 

obtained: 

(1 − 𝑚𝑚2)𝑥𝑥2 − 2𝑏𝑏𝑥𝑥 + 𝑏𝑏2=0               (13)                                                   

In the mentioned article, Formula (13) is obtained as: 

(1 − 𝑚𝑚)𝑥𝑥2 − 2𝑏𝑏𝑥𝑥 + 𝑏𝑏2 + ℎ2(𝑚𝑚2 − 𝑚𝑚)=0 

By solving Equation (13), its roots are obtained. Then, by combining these two roots, Equation 

(14) will be obtained: 

𝑥𝑥1 = 𝑏𝑏+𝑏𝑏𝑛𝑛
(1−𝑛𝑛2) ,   𝑥𝑥2 = 𝑏𝑏−𝑏𝑏𝑛𝑛

(1−𝑛𝑛2)          (14) 

𝑥𝑥1 + 𝑥𝑥2 = 2𝑏𝑏
1−𝑛𝑛2                                                                                       

Therefore, 𝑥𝑥1, 𝑥𝑥2 are the points where vertical gradient is zero. Now using (7) and (14), 𝑚𝑚 will also 

be obtained: 

𝑚𝑚 = √(𝑥𝑥1+𝑥𝑥2)2−4𝑥𝑥0(𝑥𝑥1+𝑥𝑥2)−4| 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥).𝑥𝑥(𝑚𝑚𝑚𝑚𝑛𝑛)|
(𝑥𝑥1+𝑥𝑥2)2        (15)                                       

In the Article (Hafez and Abbas, 2009) is 

 𝑚𝑚 = |(𝑥𝑥1+𝑥𝑥2)2−4𝑥𝑥0(𝑥𝑥1+𝑥𝑥2)−4| 𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥).𝑥𝑥(𝑚𝑚𝑚𝑚𝑛𝑛)|
(𝑥𝑥1+𝑥𝑥2)2+4[𝑥𝑥(𝑚𝑚𝑚𝑚𝑥𝑥).𝑥𝑥(𝑚𝑚𝑚𝑚𝑛𝑛)] | 

By determining 𝑚𝑚, the depth to bottom edge parameter is obtained: 

𝐻𝐻 = 𝑚𝑚ℎ                                      (16)                                                                  

Sing the following Equation (16) from Equation (7), parameter 𝑏𝑏 is: 

𝑏𝑏 = 𝑥𝑥0 + √𝑥𝑥0
2 − ℎ2(𝑚𝑚2 − 1)                  (17)                                                      

In the article, this parameter is 

(4)

(5)
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Now according to Figure (1), the dip angle is obtained from 
the following equation:

The electric dipole moment is also calculated by solving 
Equation (4) at the origin, x=0

By obtaining the values of sheet parameters in this way, its 
length can also be calculated from the following equation

To find the values of the parameters, it is necessary to have 
zero points (x0, x(min), x(max), x1, x2 ) shown in the math-
ematical equations, sousing these points and mathematical 
formulas, the sheet parameters are obtained.

1.2. Synthetic Data
To prove the correctness of complex gradient method, first 
the data obtained from synthetic models are used. In order to 
create synthetic data, several synthetic data items are creat-
ed with predefined parameters. The models No. 1 and 2 with 
constant dip angle and dipole moment at different depths, 
and models No. 3 and 4 with constant dipole moment and 
depths with different dip angle are considered.

Figure 2: Self-Potential Anomaly Due to Synthetic Model 2 
Without Noise.
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Table 1- Parameters of synthetic models and results of the present method 

 

 

Artificial Models h(m) H(m) θ (degree) K (mv)
1-9=h, 18= H
θ=25 , K=250

9.0000 18.0000 25.0000 250.0006

2-17=h, 26= H
θ=25 , K=250

17.0000 26.0000 25.0000 250.0007

3-3=h, 8= H
θ=10 , K=100

2.9999 7.9999 9.9999 100.0001

4-3=h, 8= H
θ=70 , K=100

3.0002 7.9937 70.0124 100.0282

Table 1: Parameters of synthetic models and results of the present method

Figure 3: Self-Potential Anomaly Due to Synthetic Model 
4 with Noise.

Figure 4: Complex Gradient Anomaly for Self-Potential 
Anomaly Described in Figure. 2.

Placing these parameters in equation allows the computa-
tion of potentials for various x_i plotted in the without-noise 
state in Figure 2. Then, by applying the complex gradient 
method of Figure 3 to calculate zero points (x0, x(min),x-
(max), x1, x2 ), a program is written that calculates these 
points automatically. Thus, the parameters of depth to upper 
edge, depth to lower edge, dip angle and electric dipole mo-
ment are obtained using mathematical Equation 12, 15, 16, 

17, 18, 19. The results of using synthetic models’ synthetic 
data are shown in Table 1. As can be seen from the Table 1, 
the parameters calculated are almost the same as input pa-
rameters; therefore, the correctness of this method is proved 
for this synthetic model. Now, we try the complex gradient 
method for synthetic data with noise. We randomly added 
10% of noise to the data generated in the mentioned models 
shown in Figure 4.
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Table 2: Parameters of synthetic models and the results of the present method with ±10% noise to synthetic data.

Artificial 
models

H(m) percentage 
error h

H(m) percentage 
error H

θ
(دددد)

percentage 
error θ

K
(mv)

percentage 
error k

9=h, 18= 1:  H
θ=25 , K=250

9.504 0.56 18.2990 1.66 25.1632 0.6 228.6295 8.54

17=h, 26= 2:  H
θ=25 , K=250

17.2848 2.84 26.3762 1.44 25.2709 1.08 268.7131 7.4

3=h, 8= 3:   H
θ=10 , K=100

3.0212 0.706 7.9776 0.28 10.1400 1.4 98.0284 1.97

3=h  , 8= 4:   H
θ=70 , K=100

3.0510 1.7 7.2512 9.36 71.7588 2.51 106.4341 6.43

Similar to the without noise state, we estimate the model pa-
rameters. In table 2 the results are collected and the error 
percentage of each parameter is also calculated. Finally, by 
plotting the curve of the data which noise added has been us-
ing the estimated parameters, the correctness of this method 
is proved on this synthetic model with the noise.

1.3. Field Data
Now that the method used calculates the parameters cor-
rectly. Then, the described algorithm is applied to the actual 
data collected. In the article, they worked on a graphite mine 
in southern Bavarian woods, Germany [12]. Again, the mod-
ified method is applied to this area to ensure the algorithm 
also is applied to other two areas of the copper mine in the 

Surda, India, and the cooper sulfide mine in the Suleyman-
koy, Turkey. 

The copper mine in the Surda, India: Figure 5 shows the SP 
anomaly for a copper mine in the Surda, India, studied by 
[14]. First, we determine the origin using analytical signal 
because we do not know the source location when taking 
data; then, we apply complex gradient method to the data 
extracted from this mine in Figure 6, the parameters of the 
cause of this anomaly. We obtain z by calculating the depth 
from the model center as half the sum of the bottom edge 
depth and the upper edge depth. The results are shown in 
Table 3.

Figure 5: Self-Potential Anomaly Due to Copper Mine in the 
Surda, India

Figure 6: Complex Gradient for the SP Anomaly Described 
in Figure 4.

Table 3: Estimated Parameters of Copper Mine in the Surda, India.

H (m) H (m) Z (m) θ (°) K (mv) L (m)

14.1578 16.2124 15.1851 -31.9223 133.1863 3.8857

The observed potential curve and the evaluated potential 
using the method explained in this thesis are shown in Fig-
ure 7. Here, there is a good closeness between the observed 

and evaluated data, the error of this method is estimated on 
this data.
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Figure 7: Observed and Calculated Potential Computed 
Anomaly Due to a Copper Mine in Surda, India with error % 
7.1626

the cooper sulfide mine in the suleymankoy, Turkey. studied 
the SP anomaly of the cooper mine suleymankoi, turkey [15]. 
Figure 8 is the observed data related to this mine. We ap-
ply complex gradient method to the data extracted from this 
mine in Figure 9. the parameters related to the cause of this 
anomaly have been obtained, and z calculates the depth from 
the center of the model as half the sum of the lower edge 
depth and the upper edge depth. The results are shown in 
Table 4.

The observed potential curve and the evaluated potential 
using the method stated in this thesis are shown in Figure 
10. As can be seen in Figure 10, there is a good closeness 
between the observed and evaluated data, the error of this 
method is estimated on this data.

Figure 8: SP Anomaly Due to Copper Sulfide Mine in the Su-
leymankoi, Turkey.

Figure 9: Complex Gradient for the SP Anomaly Described 
in fig 7.

Table 4: Estimated Parameters of Copper Mine in the Suleymankoy, Turkey.

h (m) H (m) Z (m) θ (°) K (mv) L (m)

26.0407 27.9616 27.0011 -18.1046 770.7984 6.1816

Figure 10: Observed and Calculated Potential Computed 
Anomaly Due to a Copper Sulfide Mine in the Suleymankoy, 
Turkey with Error %5.7967

The graphite mine in the southern Bavarian woods, Germany 
in 1962, the graphite mine in the southern Bavarian woods, 
Germany, was studied by Meiser. He attributed the anomaly 
to a polarized sheet. Figure 11 shows the SP anomaly mea-
sured in this mine. We apply complex gradient method to the 
data extracted from this mine in Figure 12. The parameters 
of the cause of this anomaly were obtained, and z calculates 
the depth from the center of the model as half the sum of 
the lower edge depth and the upper edge depth. The results 
are shown in Table 5. The depth obtained from the present 
method is very close to the depth derived (z=53). Accord-
ing to the results shown in the table, a good closeness is 
observed between the present method and other methods. 
good closeness is observed between the present method and 
other methods.
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Figure 11: SP Anomaly Due to Graphite Mine in the South-
ern Bavarian Woods, Germany.

Figure 12: Complex Gradient for the SP Anomaly Described 
in figure 9

Table 5: Estimated Parameters of Graphite Mine in the Southern Bavarian Woods, Germany.

h (m) H (m) Z (m) θ (°) K (mv) L (m)

33.1483 64.7953 48.9718 49.2773 336.4162 41.7575

Figure 13: Observed and Calculated Potential Computed Anomaly Due to a Graphite Mine in The Southern Bavarian Woods, 
Germany with Error 4.7171%.

In figure 13, we can evaluate the observed anomaly which 
are the same as the computed anomaly obtained from the 
parameters of this method with an error of 4.7171%. The 
results are shown in Table 6. The depth obtained from the 

present method is very close to the depth derived (z=53). 
According to the results of the table, a good closeness is ob-
served between the present method and other methods.

Table 6: Comparison of Complex Gradient Method with Other Methods Performed on Bavarian Graphite my Data.

parameters Meiser (1962) Abdelrahman et al (1999) Abdelrahman et al (2001) Present method
h (m) 34 35.8 25.2 33.1483
H (m) 72 66.3 70.8 64.7953
θ (°) 46 49.5 44.5 49.2775
K (mv) - 363 216 336.4162
Z (m) 53 51 48 48.9718

2. Conclusion
in this paper, it was proved that the complex gradient meth-
od is a fast and simple way to interpret the SP anomaly, in 
which the two dimensional inclined sheet model relation 
were used to estimate the cause of SP anomaly parameters 
and thus the two-dimensional inclined sheet proved to be a 
suitable model for describing the cause of sp anomaly the 
correctness of this method was also proved on synthetic data 

by changing depths and changing angles and its efficiency 
was proved by applying this method to field example and 
it was observed that the error between the model data and 
the real data has an acceptable value, which shows that the 
method of this dissertation can provide models that its data 
should be close to the observed data and there should be a 
small error between them [16-20]. also, in the study of the 
inclined sheet model, it was proved that such a model can be 
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considered as a mass of spontaneous potential source, but 
the the real underground model can not be considered exact-
ly a two-dimensional inclined sheet. 
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